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Confined Vortex Flows with Boundary-Layer Interaction
M. L. ROSENZWEIG,* W. S. LEWELLEN,f AND D. H.

Aerospace Corporation, Los Angeles, Calif.

Axisymmetric flow of an incompressible fluid in a right-cylindrical vortex tube bounded by
planar end walls is considered. The mutual interaction of the primary vortex flow field and
the end- wall boundary layers is studied by relating the stream function and circulation in
these regions. An interaction parameter is defined which determines the magnitude of the
influence of the boundary layers on the circulation and mass-flow distributions in the primary
flow. These distributions are obtained numerically, primarily as functions of the interaction
parameter and the Reynolds number based on the radial flow. Experimental results are inter-
preted in the light of this theory, and it is concluded that substantial turbulence levels (though
somewhat less than estimates made without consideration of boundary-layer effects) must
be assumed to explain the experimental results.

NomencI ature

A = boundary-layer interaction parameter defined in Eq.

c =
F =

f =

I =
p =
Q =
QBL =
Rer =
Rer* =
Ret =
r =
u =
v =
w =
z =
« =
F =
d =
e =
17 =

\l/ =

.coefficient of friction
dimensionless part of the stream function that is inde-

pendent of z
dimensionless part of the stream function that is linear

with z
length of the vortex chamber
pressure
volume flow per unit length, ur
volume flow in the end-wall boundary layer
radial Reynolds number = pur/n
" effective ' ' turbulent radial Reynolds number
tangential Reynolds number = pvr/n
radial coordinate
radial velocity, positive outward
tangential velocity
axial velocity
axial coordinate
velocity-profile shape parameter in the boundary layer
circulation, vr
end-wall boundary-layer thickness
dimensionless parameter defined in Eq. (5)
dimensionliss radial coordinate squared
viscosity
kinematic viscosity
dimensionless axial coordinate
density
stream function defined in Eq. (7)

Subscripts
0 = value at outer edge of the vortex tube
e = value at the edge of the exhaust hole
m = minimum value

I. Introduction

VORTEX tubes of one form or another have been of in-
terest to fluid dynamicists for some time. Applications

such as the Ranque-Hilsch tube, cyclone separator, and,
more recently, the MHD vortex power generator1 and gase-
ous-core nuclear rocket2 have provided the stimulus for re-
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search in this field. Analytical and experimental investiga-
tions of confined vortex flows have been numerous. The
theoretical treatments have been concerned with the main
body of rotating fluid and, for the most part, have been re-
stricted to one-dimensional flow models (i.e., tangential and
radial velocities being functions of radius only). Donaldson3

examined the full Navier-Stokes equations under these
assumptions and found a family of exact solutions. These
exact solutions are not readily applicable to the flow in an
actual vortex tube, however, because of their inability to
satisfy boundary conditions imposed by the end walls and
exhaust-hole geometry. Others4'5 have developed approxi-
mate theories in which the radial distributions of axial ve-
locity are specified (rather arbitrarily) in order to satisfy
conditions imposed by the exhaust ports. A notable excep-
tion is a study by Anderson6 in which the laminar end-wall
boundary-layer interaction problem was first treated.

Lewellen7 has reviewed these studies and has clarified the
mathematical foundation of the approximate solutions. In
particular, he has shown that under certain circumstances
(which are usually met experimentally) the one-dimensional
hypothesis can yield a valid first approximation to the solu-
tion. In regions where this is the case, the axial velocity
distribution is determined to the same degree of exactness
by its boundary values. In an actual vortex tube, these are
determined by the boundary layers on the end walls and by
the location and geometry of the exit port (or ports), as just
mentioned. Solutions based on arbitrarily specified axial
velocity distributions have been reasonably successful in pre-
dicting the qualitative behavior of the measured tangential
velocity distributions, numerical discrepancies being at-
tributed usually to turbulence in the flow field.4>8> 9

The boundary layers that are formed on the end walls of
the vortex chamber have been studied previously without
regard to their effect on the primary vortex flow that drives
them. Boundary-layer growth on a finite disk under the
influence of a vortex-like outer flow has been studied origi-
nally by Taylor10 and more recently by Mack,11 King,12

Weber,13 Rott,14 and others. These studies, in which the
external velocity distributions were specified functions of the
radial coordinate, have demonstrated that such boundary
layers are capable of transporting large quantities of fluid
radially inward. This radial flow is coupled through the
continuity equation to an axial flow, so that in fact it is the
boundary-layer flow that determines, for the most part, the
axial velocity distribution in a vortex tube.

For a fixed total flow through the tube, diversion of fluid
into the boundary layers reduces the radial flow through the
main body of the vortex and tends to weaken the vortex
strength or circulation. In an actual vortex tube (such as
pictured in Fig. 1), however, the boundary layers must at
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Fig. 1 Vortex tube geometry showing division of flow
into the three regions described in the paper.

some point discharge their contents. If this process is ac-
complished in such a way as to return the boundary-layer
fluid to the main flow before it has lost much of its angular
momentum and before it is passed axially out of the tube,
then (as is described in this paper) it is possible to maintain
a near-constant circulation distribution in the vortex.

Mass flow may be caused to leave the boundary layer for
two reasons. First, the boundary-layer theory itself indi-
cates mass ejection when the external circulation distribution
decreases with decreasing radius.12 Second, certain discon-
tinuities in the wall geometry, such as a circular step or the
sharp edge of an exhaust orifice (i.e., regions where boundary-
layer theory is not locally applicable), can also induce mass
ejection. Experimental evidence of such boundary-layer
mass ejection is plentiful15"17; typical examples are shown in
Figs. 2 and 3 using a water vortex with dye injection. Fig-
ure 2 shows boundary-layer mass ejection in the vicinity of
the exhaust-hole radius, resulting, most likely, from both

mechanisms. Figure 3 illustrates the effect of a circular step
in the end wall at approximately midradius. Mass ejection
is again observed.

The full three-dimensional flow pattern in a vortex tube
is thus the result of a complicated interaction between the
primary vortex flow and the end-wall boundary layers.
The purpose of the present paper is to study this interaction
theoretically in order to demonstrate the unusual mutual
influences exerted by the primary and secondary flows in
right-cylindrical vortex tubes of the type illustrated in Fig. 1.
The results are compared with experiments, and, as a corol-
lary, certain observations are made concerning turbulence
levels in confined vortex flows.

II. Description of Flow Model

An incompressible, constant viscosity fluid is assumed.
For the purposes of the analysis the flow is considered divisible
into three regions, as indicated in Fig. 1. It will be assumed
that the ratio of volume flow to circulation is small so that
in region I, the primary flow region, the tangential velocity
is a function of radius only. Region II consists of the bound-
ary layers on both top and bottom end walls, in which axial
velocity gradients and therefore axial viscous stresses become
significant. Region III, .bounded by an imaginary cylinder
of radius equal to that of the exhaust hole, includes the flow
in the vicinity of the axis of the tube where both tangential
and radial velocities vanish.

Appropriate solutions are employed in each of these re-
gions, and a consistent flow picture is obtained by applica-
tion of suitable matching conditions. The solution of
Lewellen,7 which determines the circulation distribution in
terms of the stream function, is used in regions I and III.
This solution becomes exact in the limit of large circulation
and requires that the stream function be specified at the
periphery of the applicable regions. The approximate
boundary-layer solution of Rott14 is used along the end
walls, up to the edge of region III, to provide a second rela-
tionship between the stream function and circulation in the
primary flow, thereby establishing the interaction. The

Fig. 2 Vortex flow visualization picture with dye injected
into the boundary layer showing mass ejection in vicinity

of exhaust radius.

Fig. 3 Vortex flow visualization picture with dye injected
into the boundary layer with a stepped-down end wall

showing mass ejection in neighborhood of step.
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mathematical framework is completed with the specification
of the stream function in region III. Provision is included
to allow the consideration of boundary-layer mass ejection
due to the exhaust-hole discontinuity. Since little of a
quantitative nature is known about this process at the present
time, this phenomenon is treated parametrically. The
fraction f of boundary-layer mass flow at the radius of the
exhaust, which is returned to the main flow before leaving
the tube, is introduced into the computational program and
allowed to vary from zero to one. The complete set of equa-
tions is solved iteratively using a digital computer for a
range of the governing parameters.

Before proceeding with the analysis, several comments are
in order. First, the division of the flow into regions as indi-
cated is not equivalent to the usual division of flows into a
viscous boundary layer and an in viscid outer flow. In the
present problem, the entire flow field is considered viscous;
however, in the boundary layers, the axial velocity gradients
predominate, whereas in regions I and III only the radial
gradients are considered.

Second, the details of the flow in region III are ovei'simpli-
fied as a result of insufficient knowledge. Recirculation of
fluid originating downstream of the exhaust hole, which fre-
quently occurs along the axis of the vortex tube, has been
neglected. This can be justified only by the belief that such
a phenomenon does not strongly influence the velocity dis-
tributions in regions I and II.

Finally, a real and possibly important phenomenon is not
considered at all in this paper, i.e., the boundary layer on
the cylindrical-containing walls and the details of the jet-
mixing region if the vortex is driven by tangential fluid in-
jection, as is commonly the case. These effects may influ-
ence the end-wall boundary-layer growth and will certainly
make the determination of the peripheral circulation difficult
in an actual experiment. For the present purposes, how-
ever, it is assumed that the outer cylinder is rotating and
porous so that such questions may be avoided.

III. Derivation of the Interaction Equations

Consider a cylindrical coordinate system, r,6,z, with asso-
ciated velocity components u, v, w. The continuity and
Navier-Stokes equations in these coordinates for an incom-
pressible fluid with constant viscosity are

5 (no)
———— ~T~ —^T——or oz

bu , bu v2 1 bp ,u— +.w — — - = —•— +or oz r par

(1)

/b2u 1 dw _ u b2u\
Vdr2 r br~ r2 bz2)

bv , dz; , uv . ~ ~
u— + w— + — = v[ —0dr dz r

c)w c)i(; 1 bp , /d2^ , 1 c)t(; ,
w — + w— = --^ + v { — + -— +dr bz pbz \ br2 r br

(2)

df2j (3)

^ W

where the o/ot and b/od terms have been eliminated by as-
suming that the flow is steady and axisymmetric.

The axisymmetric stream function ^ is defined so that Eq.
(1) is every where satisfied:

1 dif/u = - —r oz
I b^w = — ̂r or (5)

In addition, the dimensionless coordinates rj = (r/r0)2 and
£ = 2/2 and the quantities Q = ur and F = vr are introduced.

Lewellen7 showed that dF/c)£ was of order e, where

(6)

Therefore, in regions where the ratio of stream function
to circulation is small, F may be considered independent of
z, to order e. Further, examination of Eq. (3) shows that,
when v is independent of 2, the radial velocity u must also
be independent of z (unless F = const). In this case, Eq.
(3) reduces to an ordinary, linear differential equation for
F in terms of u and v:

f2 _ ( _ —— ) _ VH1
dr \r dr / v

— = 0
dr ~ (7)

The most general form of \£, consistent with the condition
that u be independent of z, is

so that

w = —

Lewellen7 has further shown that, since the equation that
determines \l/ is of order e, to this order then the functions
/ and F remain to be determined by the boundary conditions.

In terms of /, 17, and the radial Reynolds number Rer =
Qo/v, Eq. (7) may be rewritten:

" - RerfT' = 0 (9)
The functions \l/ and F as defined by Eqs. (8) and (9) were

shown by Lewellen7 to be the zeroth-order terms in a series
expansion solution of Eqs. (1-4), in powers of e.

If the axial and tangential velocities are of the same order
in region III, then in this region the e expansion given in Ref.
7 is not strictly valid. This question is quite complicated
but is treated in detail in Ref. 18 where it is shown that it
is still possible to carry out a consistent expansion in u/v,
which almost always remains a small parameter. In such an
expansion, the leading term in F is still a function of r only
and may be determined by an equation similar to Eq. (9),
which depends on the boundary values of \f/:

277F" - ReJT' =

er ̂  \F'"f - F'j" - ^- (2F"f "") Y-Y
J \P / e

(10)
If precise values of \t/ could be obtained on the boundaries of
region III, then Eq. (10) would yield an accurate description
of F even for (w/v)e of order one. However, for the idealized
stream function that will be used in this study, the right-
hand side of Eq. (10) is identically zero and the equation re-
duces to Eq. (9) .

Applying the boundary conditions F = 0 at rj = 0 and
F = FO at t] = 1, Eq. (9) may be integrated to give

T f [fa f/O?) , 1 ,- = Cl J exp — I J - — d r j \ d r j
Io •'o L ^ ''O V J

(U)

where

Thus, with a given value of the radial Reynolds number and
the radial distribution of /, the circulation distribution is
uniquely determined.

It should be noted at this point that only / enters in the
determination of F. That is, only that portion of the axial
flow which is coupled to the radial flow through the con-
tinuity relationship plays a role.

The / distribution, or equivalently the distribution of radial
velocity through regions I and III, will be determined by
consideration of the end-wall boundary-layer flow. Since
it is assumed that the boundary-layer mass flow grows from



2130 ROSENZWEIG, LEWELLEN, AND ROSS AIAA JOURNAL

i.o

0.8

D
0.6

0.4

0.2

O.I 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fig. 4 Circulation distributions as a function of radius
for ,4 = 0.

zero at rQ, any increase (or decrease) in the radial flow in the
boundary layers must result in a corresponding decrease
(or increase) in the radial flow through the primary vortex
region. Thus (in region I),

/ = 1 - (2QBL/QJ) (12)
where

r8
QBL = \ rudzJ 0

There have been several analyses of the end-wall boundary-
layer region.11"14 For the present study, the results of the
turbulent analysis of Rott14 will be used. This is chosen
because, at the tangential Reynolds numbers ordinarily
encountered in vortex tubes, the boundary layers are most
likely turbulent, and although RotVs analysis yields the
simplest expression for the mass flow in the boundary layer,
the results agree quite favorably with those of other, more
complicated approaches. Assuming that the turbulent
shear components are proportional to the squares of the
respective velocity components and that the coefficient of
friction so defined is constant, Rott, using a momentum-
integral approximation, expressed the volume flow in the
boundary layer in terms of the T distribution of the external
flow as follows:

QBL = -acF«-1 (13)

where x = r0 — r, a is a velocity-profile shape parameter,
and c is the coefficient of friction. Following Rott, the values

a = 5 c = 0.027 (Ee,)"1

will be used for this study.

(14)
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Fig. 5 Circulation and stream function distributions as
a function of radius for A = 1.
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Fig. 6 Circulation and stream fund ion distributions as a
function of radius for A = 1.75 and Rep = — 50.

The specification of / in region III is not quite so straight-
forward. As mentioned previously, the discontinuity at
the edge of the exit hole (assumed here to be a sharp-edged
orifice) produces local mass ejection from the boundary
layer. The fraction of the boundary-layer mass flow that
is ejected and ultimately finds its way back into the pri-
mary flow is as yet undetermined. Furthermore, the ques-
tions of recirculatory flow along the axis and the validity
of the boundary-layer analysis near the axis contribute to
the difficulty of specifying / in detail in region III. Fortu-
nately, as far as the calculation of the circulation is con-
cerned, only the integral o f / appears in Eq. (11). Thus, F
should be insensitive to the details of the axial velocity
distribution (as long as v is independent of z).

It will be assumed then that a certain fraction f of the
boundary-layer volume flow at re (the radius of the exit
hole) is ejected and returned to the primary flow to be re-
distributed into radial flow uniformly over the length of the
tube. The representation of this boundary-layer mass
ejection by a discontinuous change in / is, of course, an
idealization of the actual phenomena illustrated in Figs. 2
and 3. The quantity f will be considered parametrically in
the computations, and its effect on the F and / distributions
will be assessed. In addition, inside the radius of the ex-

0.8

0.4

-0.4

Fig. 7 Circulation and stream function distributions as a
function of radius for A — 2.7.
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Fig. 8 Circulation and stream function distributions as a
function of radius for A = 10.

haust, the simplest possible assumption will be made, namely,
that the radial velocity falls to zero at r ~ 0 linearly with
r. Under these conditions,

<•»
when r < re.

Considering Eqs. (12-15), / may be written as

]7jrjy_^ ,> ,> , .
(16)

^T r1^.-?-^ i
0 < f] < rje

where

_ 0.27
(17)

Equations (11) and (16) determine / and F as functions of the
radius and the parameters Rer, A, re/r0) and f. These equa-
tions have been solved iteratively using a digital computer
for ranges of the governing parameters, and the results are
presented and discussed in the next section.

Fig. 9 Circulation at the edge of the exhaust hole as a
function of A for constant Rer.

solved in the Appendix. In this limit, the circulation dis-
tribution remains constant for A < 0(1). For A > 0(1),
the circulation remains constant with decreasing radius from
r0 until all of the flow reaches the end-wall boundary layers.
Between this radius and the edge of the exhaust hole the
total radial flow remains in the boundary layers, and the
circulation distribution is that required to drive this boundary-
layer flow.

Results of the digital computer solutions for F and / dis-
tributions corresponding to various combinations of the
governing parameters are shown in Figs. 5-8. All of these
results were obtained for a constant value of re/rQ = f. The
successive figures correspond to increasing values of A.
Values of radial Reynolds number have been chosen so
that results representative of the distributions obtainable
are presented. In most of these figures, curves are plotted
only for f = 0 and f = 1, since results for intermediate
values may be easily inferred from those presented. In
Fig. 6, the curve for f = 0.5 is also presented, indicating a
rather uniform variation of the distributions with f between
the extremes of zero and one. Results of the analytical
solution of the Appendix for Rer = — oo are included in
Figs. 7 and 8.

The curves illustrate that when A < 1 the effect of the
boundary-layer interaction is relatively small. The same is
true when \Rer\ is small regardless of the value of A. In
both of these areas, of course, the influence of f is also small.
For slightly larger values of A} the boundary-layer inter-
action begins to exert a considerable influence, especially at
the higher values of | Rer \. The effect of f also becomes

IV. Discussion of Results

The quantity A characterizes the boundary-layer inter-
action since it is a measure of the fraction of the total mass
flow that passes through the boundary layer. If F were
constant and equal to F0 for all r, then it can be seen from
Eqs. (13, 14, and 17) that A would be equal to the fraction of
the total mass flow in the boundary layers at r = 0. Also,
from Eq. (17) it is seen that A ~ l/e1/2, so that small values
of e ordinarily correspond to large values of the boundary-
layer interaction parameter. Thus, it is precisely in the
regime where F is independent of z that the end-wall bound-
ary-layers will play a significant role in the determination
of the radial F distribution.

An interesting exception occurs in the limit of A going to
zero as a result of frictionless, or suitably rotating, end walls
(i.e., not because e becomes large). In this case, the present
problem becomes identical with that considered by Einstein
and Li.5 This solution is shown in Fig. 4 for three values of
the radial Reynolds number and re/r0 = ^.

Another interesting limiting case, which may be solved
analytically, occurs when Rer -> — °°. This case has been

Fig. 10 Minimum mass flow in the primary flow region as
a function of A for constant i?er.



2132 ROSENZWEIG, LEWELLEN, AND ROSS AIAA JOURNAL

1.6

0.4

Fig. 11 Amount of fluid returned by the boundary layers
to the primary flow as a function of A for constant Rer*

more pronounced here. A value of f = 1 causes the circula-
tion distribution to stay closer to a constant and results in
increases of re/F0 of up to 20%. Its influence on the mass-
flow distribution is more profound (as seen in Figs. 6 and 7),
resulting in negative values of /, which implies that the
boundary-layer mass flow is locally greater than the total
through-flow so that radial outflow must exist in the primary-
flow region. It is interesting to note that, in spite of this
excess mass flow in the boundary layers, the F distribution
remains essentially constant.

At still larger values of the interaction parameter, the F
distribution decreases faster (see Fig. 8), and the theoretical
results for infinite Reynolds number are approximated
closely by those for more moderate Reynolds numbers.

In order to characterize the effect of the interaction in a
simple way, the value of Te/T0 is plotted in Fig. 9 as functions
of A and Rer for re/r0 = £. This curve also illustrates the
influence of f. It is seen that, for f = 0, values of Te/T0 be-
gin to depart from one when A > 1.2, even for infinite Reyn-
olds number. For f = 1, this departure is delayed until A >
2.2.

The mass-flow distributions are characterized by the mini-
mum value of / (designated fm) and the amount of fluid that
is returned by the boundary layers to the primary flow (fe —
fm). These distributions are plotted in Figs. 10 and 11.

2 IN. DIAM x 12 IN. VORTEX (He) - Te CURVE

' 2 IN. DIAM X 12 IN. VORTEX (N2)-re CURVE

5 IN. x 15 IN. VORTEX-Te CURVE

KENDALL (HOT WIRE) EXIT END

KENDALL (HOT WIRE) CLOSED END

KEYES' CURVE

Fig. 12 The ratio of laminar radial Reynolds number to
effective turbulent radial Reynolds number as a function

of tangential Reynolds number.

Negative values of fm indicate reverse flow regions in the
primary flow.

In order to assess the influence of re on the F and / distribu-
tions, solutions were obtained for values of re/r0 other than
-g-. These results are contained in Ref. 19.

The effects of compressibility are also treated in Ref. 19
by consideration of an isothermal flow. It is concluded that
the present results are accurate for most practical applica-
tions^

V. Comparison with Experiment and
Comments Regarding Turbulence

It has been traditional to compare experimental results
and theory by matching the measured circulation distribu-
tions (deduced from static pressure measurements) with the
analytical predictions. In all cases, it has been found that
circulation profiles could be matched only when the measured
laminar radial Reynolds number was much higher than its
theoretical counterpart. As mentioned in the Introduction,
previous investigations of vortex flow in tubes were based on
one-dimensional flow models (equivalent to setting A = 0
in the present theory) and tended to ascribe discrepancies
between measured and theoretically computed circulation
profiles to the presence of turbulence in the flow field. It was
assumed that the turbulence produced a large "eddy vis-
cosity" that in turn resulted in a reduced radial Reynolds
number. The ratio of the theoretically deduced "effective"
radial Reynolds number to the actual radial Reynolds num-
ber based on a laminar viscosity was used as a measure of
the turbulence level in the tube. Thus, Keyes,8 for ex-
ample, was able to arrive at a correlation between apparent
turbulence level and the tangential peripheral Reynolds num-
ber of the flow.

Subsequently, Kendall16 and others pointed out the signifi-
cance of the end-wall boundary-layer interaction and sug-
gested that the reduction in F distribution, which had been
attributed to turbulence, may indeed be explainable largely
or wholly by the three-dimensional boundary-layer inter-
action. It was argued that diversion of flow into the bound-
ary layers reduced the radial Reynolds number in the pri-
mary flow, thus accounting for the reduced values of r/F0.

As the present study shows, however, when F/F0 begins
to depart from one, the boundary-layer growth slows down
and finally reverses, resulting in fluid being returned to the
primary flow. Since only a fraction of the fluid's angular
momentum is lost in the boundary layer (on the average),
mass ejection from the boundary layer tends to support the
angular momentum distribution, retarding its further de-
cline. Finite values of f contribute further to this trend,
resulting, as has been seen, in the requirement that A be
greater than 1.2 for f = 0 (or 2.2 if f = 1) before any sig-
nificant degradation of the F profile occurs because of the
boundary-layer interaction.

In order to determine whether three-dimensionality can
indeed explain all or part of the experimentally observed
velocity distributions, some new experiments were conducted,
using two different vortex chambers. Somewhat modified
versions of the apparatus described by Rosenzweig20 and by
Grabowsky and Rosenzweig21 were used. The vortex tubes
were similar to those employed by Keyes, having rows of dis-
crete jets injecting tangentially at the periphery and a central
exhaust hole at one end. One tube was 2-in. i.d. X 12 in.
long and was operated in a low-density (low Reynolds num-
ber) regime with either nitrogen or helium as the working
fluid. The other tube was 5-in. i.d. X 15 in. long and was
operated with nitrogen only. Mass-flow measurements and
radial pressure distributions were taken. The latter were
used to infer tangential velocity distributions. It was pos-

§ An independent analysis by Anderson22 has treated the com-
pressibility effects in more detail but with similar conclusions.
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sible, therefore, to calculate A, Te) and the laminar radial and
tangential Reynolds numbers from the measured quantities.

In comparing the normalized values of Fe with those pre-
dicted by the present theory for the same values of A and
Rer, it was found that the experimental values were consist-
ently lower, the discrepancy being larger for higher tangential
Reynolds numbers. Thus, the trends indicated by the
one-dimensional analyses were still present.

Assuming that the theory adequately represents the three-
dimensional interaction, it must be concluded that end-
wall boundary-layer effects alone cannot explain the rela-
tively weak vortices observed in experiments. In the
authors' opinion it is most probable that the discrepancy is
due to the presence of turbulence in the experimental flow
field.

If it is assumed that the effects of turbulence can be
treated theoretically by the introduction of a spatially con-
stant turbulent "eddy viscosity" and suitably time-averaged
velocity components (as is traditional in turbulent analyses),
then the present theory remains valid if the radial Reynolds
number is replaced by an "effective" Reynolds number based
on the eddy viscosity. This hypothesis is certainly a ques-
tionable one for the present flow configuration because of the
strong radial gradients and the likelihood that the turbulent
fluctuations are highly anisotropic. Nevertheless, because
of its simplicity, it has been used in the one-dimensional an-
alyses and will be pursued further here for comparison.

The experiments just described were used in conjunction
with the theory to infer a value of effective radial Reynolds
number (Rer*). Results are shown in Fig. 12 as a ratio of
actual to "effective" radial Reynolds number vs tangential
Reynolds number based on tube radius. A spread is indi-
cated for each test point, the upper bound corresponding to
f = 1 and the lower to f = 0. Also shown are several actual
measurements of turbulence intensity made by Kendall16

using a hot-wire anemometer and Keyes' least-squares line,
which was fitted to data reduced using the one-dimensional
hypothesis.8 Values of A in the present experiments varied
from 0.6 to 1.5, and Rer ranged from 12 to several thousand.
Calculations indicate that values of A of order one were also
representative of Keyes' experiments. The comparison
shown in Fig. 12 indicates that early estimates of turbulence
levels in jet-driven vortices, even though based on one-
dimensional flow models, are not far from those arrived at
after consideration of three-dimensional effects.

VI. Conclusions
The equations governing the interaction between the pri-

mary flow and end-wall boundary layers in a vortex tube have
been presented and solved iteratively on a digital computer.
The controlling parameters include a boundary-layer inter-
action parameter A representing a measure of the mass frac-
tion diverted to the boundary layers, the radial Reynolds
number, and a parameter f representing the boundary-layer
mass ejection occurring as a result of the geometrical dis-
continuity existing at the exhaust-hole radius. Circulation
and mass-flow distributions are presented, illustrating the
variety of results obtainable in the different flow regimes.
Over-all results are characterized by the values of Te/TQ, the
circulation ratio at the exhaust radius, and fm, the minimum
mass flow in the primary flow region.

The results show that, if A < I , the effect of the boundary
layer interaction on the circulation distribution is small.
The same is true if | Rer \ is of order one, regardless of A. As
A increases, the effect is more pronounced, the interaction
producing a reduced Te/T0 and fm. A variation of f from zero
to one produces a maximum increase of approximately 20%
in re/r0, but can have a profound effect on fm, causing nega-
tive values (i.e., reverse flow) to occur in some instances. It
has been shown that in some cases it is possible to have an

excess of flow in the boundary layer (i.e., fm < 0) while
r/F0 remains close to unity.

The theoretical results have been compared with experi-
ments by matching experimental and theoretical circulation
profiles and thereby determining a ratio of actual (laminar) to
"effective" radial Reynolds number. By comparison with
previous results, it has been concluded that turbulence levels
in jet-driven vortex flows are not appreciably less than those
based on one-dimensional model assumptions.

Appendix: Analytic Solution for Infinite
Reynolds Number

An analytic solution to Eqs. (11) and (16) is possible in the
limit of Rer —*- — °°. From Eq. (9) it is seen that, in order
to have a finite value of / in this limit, either an infinity or a
zero in F' is required. Conversely, any F distribution is
possible when / = 0, since the product Rerf is then indeter-
minate. Therefore, it is evident that in this limit F will re-
main constant at large radii until all of the flow reaches the
end-wall boundary layers, i.e., until / = 0. Proceeding
inward from this point, all the flow will remain in the bound-
ary layers, and the circulation will distribute itself in just such
a way as to keep / = 0. This distribution may be found by
writing Eq. (13) in differential form

(d/dr)QBLT - aQBL(dT/dr) =

For QBL = const, this reduces to

1 dT ac
r2 dr QBL(l - a]

Equation (A2) integrates to

r (i - «)(!_/) ro

(Al)

(A2)

(A3)

in terms of previously defined dimensionless parameters.
The constant c2 is evaluated by the condition that F/F0 =
1 at r = r, the radius at which / first reaches zero. For
r > r, from Eqs. (12) and (13)

Therefore,

f = l - A[l- (r/r0)]

r/r0 = 1 -I/A

(A4)

(A5)

From Eq. (A5) and the condition that F/F0 = 1, / = 0 at
f = f , Eq. (A3) reduces to

r^
To

a - 1
- (r/r0)]

r < r (A6)

For f = 0, the solution for the F distribution in the limit
of Rer -^ — oo is F = F0 for r > r and is given by Eq. (A6) for
re < r < f . Inside the exhaust radius it is undetermined.

The solution for f ^ 0 is slightly different. At the radius
of the exhaust, flow is forced out of the boundary layer so
that/ > 0 when r < re. Thus F' must be zero here from Eq.
(9). Furthermore, differentiation of Eq. (11) indicates
that F' must remain zero for r > re until

/
"nf
- dq <.1 "n 0 (A7)

This in turn requires / to be negative in some region outside
the radius of the exhaust. Thus, for f ^ 0, Eq. (A6) applies
only to r > r*, with r* defined so that

J- drj = 0
^

(A8)
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To complete Eq. (A8) , / is given by

[l + (l ~r)(/e- D]

(A9)

f = A(Te/T0)

Equations (A8) and (A9) yield an algebraic equation relating
I\ and 77*:

- (1 ~ f) l - A = A X

(A10)

A second equation relating Te and 77* is obtained from Eq.
(A6), which is valid at 77* :

a - 1
a-2 (All)

Equations (A10) and (All) must be solved simultaneously
to obtain Te and 77*. Results for Te/TQ are included in Fig. 9.
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